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This paper deals with micromechanical analysis of anisotropic damage and its coupling with friction in quasi brittle
materials. The anisotropic model is formulated in the framework of Eshelby-based homogenization methods. The empha-
sis is put on the study of eﬀects of spatial distribution of microcracks and their interactions. Microcracks closure eﬀects as
well as coupling between damage evolution and frictional sliding on closed cracks lips are taken into account. The inter-
action of sliding and damage evolution is addressed by performing a global thermodynamic analysis on two macroscopic
criteria established in the paper. The role of the homogenization scheme is discussed in detail through various applications.
 2008 Published by Elsevier Ltd.
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Anisotropy1. Introduction
Damage due to nucleation and growth of microcracks is the main dissipative mechanism in many brittle
materials such as rocks, concrete and some class of composites. The principal consequences of damage on
macroscopic behavior include inelastic non-linear stress–strain responses, deterioration of elastic properties
and induced anisotropy, volumetric dilatancy, material softening, hysteretic behavior, unilateral eﬀects related
to crack closure, and irreversible strain after unloading. Many laboratory investigations have evidenced these
phenomena (we do not intend to give here an exhaustive list of these works). Further, the induced damage can
also aﬀect hydraulic and thermal properties such as permeability and heat conductivity (Oda et al., 2002; Shao
et al., 2005; Giraud et al., 2007). On the microscopic level, two basic physical mechanisms can generally be
identiﬁed; propagation of microcracks and frictional sliding along closed crack surfaces. For the modelling
of induced damage in brittle materials, phenomenological damage models have ﬁrst been proposed. These0020-7683/$ - see front matter  2008 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2007.09.026
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diﬀerent order of tensorial internal variables to represent crack distribution. Among various models found in
the literature, let mention some representative ones (Chow and June, 1987; Ju, 1989; Chaboche, 1992, 1993;
Murakami and Kamiya, 1996; Halm and Dragon, 1996; Krajcinovic, 1996; Swoboda and Yang, 1999; Wele-
mane and Cormery, 2003). The phenomenological damage models can be easily implemented in computer
codes and then provide an eﬃcient tool for progressive failure analysis of structures. However, some concepts
involved in these models, such as the eﬀective stress concept (Lemaitre, 1992), are not clearly based on physical
mechanisms observed at microscopic scale. Further, some features, such as unilateral eﬀects, volumetric dilat-
ancy, coupling between damage and frictional sliding, have not been completely described in a proper way
(Chaboche, 1993; Halm and Dragon, 1998; Basista and Gross, 1998; Caiazzo and Costanzo, 2000; Welemane
and Cormery, 2002). To overcome the shortcomings in phenomenological models and to develop an alterna-
tive approach, micromechanical models have been extensively formulated during the recent years. The micro-
mechanical approach tries to relate the physical mechanisms involved in the microstructure evolution and
macroscopic behaviors observed in laboratory. The two main steps of micromechanical modelling include
the estimation of eﬀective elastic properties of cracked materials and the determination of damage evolu-
tion law. Various micromechanical models are now available for diﬀerent engineering materials. In gen-
eral, for microcracked materials, it is possible to distinguish two classes of micromechanical
approaches; direct approach and homogenization-based approach. The direct approach is generally based
on the analysis of displacement discontinuity induced by microcracks and on the fracture mechanics for
the propagation of cracks. This approach is used in various works on the determination of the eﬀective
properties of microcracked materials (Nemat-Nasser and Hori, 1990, 1993; Krajcinovic, 1996; Kachanov,
1982; Renaud et al., 1996) and in micromechanical models, for instance, Kachanov (1982); Andrieux et al.
(1986), Gambarotta and Lagomarsino (1993) and Pense´e and Kondo (2001), just to mention a few. The
mathematical formulation of direct micromechanical models is relatively simple and does not involve a
rigorous upscaling procedure. Further, these models are generally limited to dilute distribution of micro-
cracks and then are not able to take into account interaction between cracks and eﬀect of spatial distri-
bution of microcracks. On the basis of the standard Eshelby-based homogenization procedure for random
heterogeneous materials, an alternative approach has been developed in order to overcome the shortcom-
ings of direct approach. The cracked material is considered as a matrix-inclusion composite (Deude´ et al.,
2002; Barthelemy et al., 2003). The reader interested by the elastic behavior of materials with ﬂuid-satu-
rated microcracks can refer to Dormieux et al., 2006.
The eﬀective properties of cracked materials are obtained by following an upscaling method based on the
Eshelby inhomogeneous inclusion solution (Eshelby, 1961; Mura, 1987). However, even in these models, the
interaction between cracks and eﬀect of spatial distribution of cracks are not properly taken into account.
More recently, Ponte-Castaneda and Willis (1995) have improved the existing Eshelby-based inclusion models
by introducing a new tensor which accounts for the spatial distribution of inclusions. This method is recently
adapted by Zhu (2006) for the modelling of anisotropic damage in brittle geomaterials such as concrete and
rocks.
The main objective of the present paper is to study speciﬁc features of the mechanical behavior of geoma-
terials under compressive multiaxial stress state. These features are: (i) the coupling between damage and fric-
tional sliding on closed cracks lips; (ii) the occurrence of volumetric dilatancy due to roughness of cracks lips.
Note that the damage evolution law and frictional sliding will be determined using the standard thermody-
namics framework. For diﬀerent levels of coupling between damage evolution and frictional sliding on cracks
faces the rate formulation of the constitutive law are also provided. This allows to perform for simple and
complex loading paths, a comparative evaluation of models based on diﬀerent homogenization schemes.
In all the study, isothermal conditions as well as time-independent behavior are considered.
2. Basic principles of upscaling methods applied to microcracked media
In this section, we brieﬂy recall the common backgrounds of homogenization methods for random heter-
ogeneous materials, which will be used for the formulation of micromechanical models for quasi brittle mate-
rials weakened by a set of penny-shaped microcracks.
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Micromechanical analysis provides links between macroscopic properties of material and its microstruc-
ture. In common homogenization methods, the material properties are assumed to be homogeneous but
unknown at macroscopic scale, whereas heterogeneous but known at microscopic scale. The main task is
to ﬁnd the homogeneous material properties at macroscopic scale based on the available information at micro-
scopic scale. For this purpose, and as classically, a representative elementary volume (r.e.v.), denoted by X and
having a boundary oX, is generally adopted to represent the idealized microstructure of material. In the pres-
ent study, the r.e.v. is composed of an isotropic linear elastic solid matrix with elastic stiﬀness tensor Cs and of
a family of microcracks characterized by the direction of its normal vector n and with elasticity tensor Cc
which allows accounting for unilateral eﬀects, as shown in Fig. 1. According to the isotropy of the solid
matrix, the stiﬀness tensor; Cs, reads Cs ¼ 3ksJþ 2lsK, where ks and ls represent the bulk and shear moduli
of the matrix, respectively.
The choice of such a parallel microcracks system is suﬃcient to demonstrate the nature of the coupling
between damage propagation and friction phenomena. Generalization to a randomly oriented microcracks
system can be found in Zhu (2006).
We are interested here in the case of a solid matrix weakened by a set of penny-shaped cracks. The cracks
system is characterized by its normal n, radius a and the average half-opening c (see Fig. 2). The aspect ratio
e ¼ ca of such a penny-shaped crack is such that e is very small.
2.2. Determination of the macroscopic stiﬀness of microcracked media
Let E be the uniform macroscopic strain ﬁeld prescribed on the boundary of the r.e.v. (see Fig. 1). The cor-
responding displacement nðzÞ boundary condition reads:nðzÞ ¼ E  z 8z 2 oX ð1Þ
This implies the following average rule between the strains at microscopic and macroscopic scales in X:heiX ¼ E ð2Þ
hiX denotes the volumetric average on X. Assuming now a linear elastic behavior for each phase within the
r.e.v., the constitutive relation is given in the form rðzÞ ¼ CðzÞ : eðzÞ; 8z 2 X. Accordingly, a fourth-order
concentration tensor AðzÞ, relating the microscopic strain eðzÞ to the macroscopic strain E, is introduced in
the classical form:Fig. 1. Representative elementary volume (r.e.v.) of cracked solid.
a
2c
n
Fig. 2. Schematic representation of a penny-shaped crack.
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The strain average rule (2) implies hAðzÞiX ¼ I. Taking the average of the microscopic stress rðzÞ and using
(3), the macroscopic elastic behavior of material can be expressed in the form R ¼ Chom : E, with
Chom ¼ hCðzÞ : AðzÞiX ð4ÞAssuming a constant localization tensor by phase (this comes from the Eshelby solution of the inhomoge-
neous inclusion) and using the identity hAðzÞiX ¼ I in (4), it follows that the overall stiﬀness tensor of the
cracked material reads:Chom ¼ Cs þ ucðCc  CsÞ : Ac ð5Þ
where uc and Ac are respectively the volume fraction of cracks and the concentration tensor for the ‘crack’
phase. It is recalled that Cs is the elastic stiﬀness tensor of the solid matrix. Eq. (5) clearly underlines the crucial
role of the (constant) strain concentration tensor Ac whose determination depends on the homogenization
scheme.
The simplest scheme corresponds to the case of dilute concentration of cracks. This scheme makes directly
use of the basic solution to the matrix-inclusion problem provided by Eshelby (1957). Unfortunately, it does
not allow accounting of cracks interactions which may be signiﬁcantly important for moderate and high con-
centration of cracks. A standard scheme which commonly deals with inclusions interaction in composite mate-
rials is the well known Mori–Tanaka (MT) scheme (Mori and Tanaka, 1973; Benveniste, 1986). Its application
to cracked material can be found in various works (Benveniste, 1987; Deude´ et al., 2002). An important obser-
vation about the (MT) scheme is that it requires only the shape of the inclusions and does not account for the
spatial distribution of inclusions. As a consequence, it does not properly predict the eﬀects of cracks
interaction.
To overcome this limitation, Ponte-Castaneda and Willis (1995) developed a new scheme in which the
inclusions shape and their spatial distribution are separately described by means of two Hill-type tensors
(P associated with the shape and Pd corresponding to the spatial distribution). The strain concentration ten-
sor takes then the following form (Ponte-Castaneda and Willis, 1995):Ac ¼ Iþ P : ðCc  CsÞ½ 1 : Iþ uc½Iþ ðP  PdÞ : ðCc  CsÞ½Iþ P : ðCc  CsÞ1
n o1
ð6ÞIt must be emphasized that when Pd ¼ P (case of a spatial distribution coinciding with the inclusions
shape), the above expression reduces to the concentration tensor of the (MT) scheme. Further, when
Pd ¼ 0, i.e. without consideration of a particular spatial distribution, (6) reduces to the concentration tensor
of the dilute scheme.
Note also that the Hill tensor is classically related to the Eshelby’s tensor by S ¼ P : Cs. With deﬁnition
Sd ¼ Pd : Cs, (6) reads for opened microcracks ðCc ¼ 0Þ:Ac ¼ ðI SÞ1 : Iþ ucSd : ðI SÞ1
h i1
ð7ÞCombination of (5) and (7) leads to the following eﬀective stiﬀness tensor:Chom ¼ Cs : I ucðI SÞ1 : Iþ ucSd : ðI SÞ1
h i1 
ð8ÞFor the sake of simplicity, a spherical spatial distribution function is adopted for a crack – matrix system,
which implies that Sd is an isotropic tensor and expressed as:Sd ¼ a1Jþ a2K; with a1 ¼ 1
3
1þ vs
1 vs and a2 ¼
2
15
4 5vs
1 vs ð9Þwith vs the Poisson ratio of the solid matrix.
As already indicated, the dilute scheme can be obtained by taking a1 ¼ a2 ¼ 0. The Mori–Tanaka estimate
corresponds to a1 ¼ a2 ¼ 1 in the expression Sd . The corresponding predictions of the homogenized stiﬀness
are:
Q.Z. Zhu et al. / International Journal of Solids and Structures 45 (2008) 1385–1405 1389• for the dilute schemeChom ¼ Cs : I ucðI SÞ1
h i
ð10Þ• for the (MT) schemeChom ¼ Cs : Iþ ucðI SÞ1
h i1
ð11ÞThe non-vanishing components of the Eshelby tensor for a penny-shaped crack can be found in the liter-
ature (Horii and Nemat-Nasser, 1983; Mura, 1987). The expression of S in the Walpole’s tensorial base is
given in Appendix 1.2.
It is well known that when the aspect ratio  tends to zero, ðI SÞ1 is singular whereas ðI SÞ1 has a
ﬁnite value, noted T (Horii and Nemat-Nasser, 1983; Nemat-Nasser and Hori, 1993; Deude´ et al., 2002):T ¼ lim
!0
ðI SÞ1 ð12ÞFor this reason, the volume fraction of the system of parallel cracks is approximately expressed as:uc ¼ 4
3
pa2cN ¼ 4
3
pd ð13ÞwhereN denotes the cracks density (number of cracks per unit volume) of the considered family of cracks and
d ¼ N a3 is the crack density parameter, initially introduced by Budiansky and O’Connell (1976) and widely
used as an internal damage variable in micromechanical damage analysis (Pense´e and Kondo, 2003; Pense´e
et al., 2002; Deude´ et al., 2002; Barthelemy, 2005; Dormieux et al., 2006; Zhu, 2006).
The eﬀective stiﬀness (8) of the medium weakened the system of parallel cracks in its open state takes the
form:Chom ¼ Cs : I 4
3
pdT : Iþ 4
3
pdSd : T
 1" #
ð14Þwhere the expression in the Walpole’s base of the tensor T is given in Appendix 1.2.
3. Formulation of coupled damage–friction model
In this section, we aim at formulating a constitutive model in which damage and friction on closed micro-
cracks faces is accounted. Consider again the representative elementary volume (r.e.v.) X constituted of the
solid matrix ðCsÞ and of a family of parallel cracks with surfaces S and unit normal n. Denoting the displace-
ments of the upper surface Sþ and lower surface S of cracks by uþ and u, respectively, the jump of displace-
ment between crack surfaces is then expressed in the form ½u ¼ uþ  u. The condition of unilateral contact
on the crack faces is written as:½unP 0; rnn 6 0; ½unrnn ¼ 0 ð15Þ
where rnn is the normal component of the local stress tensor rc on the crack faces and ½un is the normal com-
ponent of the displacement jump vector ½u (cracks opening displacement vector).
3.1. Problem decomposition on displacement
As described above, we consider the macroscopic uniform strain E on the boundary oX for the considered
r.e.v. The homogenization problem P can be decomposed into two sub-problems, as shown in Fig. 3. An alter-
native useful decomposition scheme with the macroscopic uniform stress R on oX is also shown in Fig. 4.
In the sub-problem P s, the displacement ﬁeld us is uniform in the r.e.v., so the associated strain ﬁeld esðxÞ is
also uniform. It follows that:
E sE
,[ ]c uσ
sσ
u
s
u cu( ) ,P ( ) ,sP ( ) ,cP
[ ] 0u = [ ], c su σ σ−
cE
= +
Fig. 3. Problem decomposition.
,[ ]c uσ
sσ
u
s
u cu( ) ,P ( ) ,sP ( ) ,cP
[ ] 0u = [ ], c su σ σ−= +
Σ Σ
Fig. 4. An equivalent problem decomposition scheme.
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The microscopic stress ﬁeld rs being homogeneous and statically admissible with the macroscopic stress and
the sub-problem Pc being self-equilibrated, one obtainsR ¼ hrsiX ¼ rs ð17Þ
R is associated with the strain Es by the constitutive law of the solid matrix:R ¼ Cs : Es ð18Þ
The macroscopic inelastic strain Ec due to microcracks in the sub-problem Pc is related to the contribution
of displacement discontinuity along microcracks and deﬁned by:Ec ¼ 1
X
Z
Xc
ecðzÞdV ¼ N
Z
Sþ
ns ½udS ð19Þwhich can be classically decomposed as (Gambarotta and Lagomarsino, 1993; Pense´e et al., 2002):Ec ¼ N
Z
Sþ
½unðn nÞdS þN
Z
Sþ
ns ½utdS ð20Þwith ½ut ¼ ½u  ½unn. It is convenient to characterize the crack displacement jump by means of two kinematics
variables, one, b, characterizing the crack opening–closure state, the other, c, quantifying the sliding along the
crack plane:b ¼ N
Z
Sþ
½undS; c ¼
Z
Sþ
½utdS ð21ÞAccordingly, the contribution of the cracks to the strain tensor Ec can be expressed as:Ec ¼ bðn nÞ þ cs n ð22Þ
Taking the average of the local strain eðzÞ ¼ esðzÞ þ ecðzÞ over X leads to the macroscopic strain E of the
cracked medium as a sum of two terms:E ¼ Es þ Ec ð23Þ
According to the decomposition of the mechanical problem described above in Fig. 4, the overall speciﬁc
free energy W can be written as:
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2X
Z
Xs
eðxÞ : Cs : eðxÞdV ð24ÞTaking into account the self-equilibrated property of the stress ﬁeld in the sub-problem Pc, the total free
energy is expressed as the sum of two terms:W ¼ W s þ W pl ð25Þ
with the elastic free energy of the solid matrix W s:W s ¼ 1
2
Es : Cs : Es; ð26Þand the stored energy W pl due to the local stress ﬁeld with cracks given by:W pl ¼ 1
2X
Z
Xs
ec : Cs : ecdV ¼ 1
2X
Z
X
ec : Cs : ecdV  1
2X
Z
Xc
ec : Cs : ecdV ð27ÞUsing the lemma of Hill and the self-equilibrated property hec : CsiX ¼ 0 in the sub-problem Pc gives:
1
X
Z
X
ec : Cs : ecdV ¼ hec : Cs : eciX ¼ hec : CsiXheciX ¼ 0 ð28Þand1
2X
Z
Xc
ec : Cs : ecdV ¼ 1
2X
Z
Xc
rc  Rð Þ : ecdV ð29ÞBy consideration of (23), the total free energy W takes ﬁnally the form:W ¼ 1
2
ðE  EcÞ : Cs : ðE  EcÞ  1
2X
Z
Xc
rc  Rð Þ : ecdV ð30Þ3.2. Strain problem decomposition
The behavior of closed frictional microcracks is studied here in the context of Eshelby solution-based
homogenization procedure. Note that thanks to the general Eshelby’s result for ellipsoidal inclusions, the local
stress tensor rc, acting on the crack surfaces can be taken as constant in average sense. For the complete deter-
mination of the free energy functionW given in (30), it is necessary to establish the link between the local stress
rc and the strain tensor Ec. For this purpose, we follow the alternative problem decomposition of the mechan-
ical problem proposed by Barthelemy et al. (2003) from the viewpoint of the Eshelby-based homogenization
procedure presented in the precedent sections.
• The problem P I is such that the r.e.v. is subjected to the deformation ðE  Ss : rcÞ on the boundary and to
the zero-valued stress on cracks faces, which allows to make directly use of various Eshelby-based homog-
enization procedures.
• The problem P II is such that the r.e.v. is subjected to the deformation Ss : rc on the boundary and to the
stress rc in cracks.
In the sub-problem P I, the deformation contributed by microcracks can be obtained by using the strain
concentration law (3) with the macroscopic uniform strain E  Ss : rc on the boundary:EI ¼ ucAc : ðE  Ss : rcÞ ð31Þ
The macroscopic stress in this problem RI is related to the homogenized stiﬀness tensor Chom and expressed
as:RI ¼ Chom : ðE  Ss : rcÞ ð32Þ
As for the sub-problem P II, the stress ﬁeld is uniform:
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Further, R ¼ RI þ RII permits to deduce the macroscopic stress–strain relation for the problem P as
follows:R ¼ Cs : ðE  EIÞ ð34Þ
Comparing the expressions (34) and (18), we notice that EI obtained from homogenization-based problem
decomposition and Ec from the direct problem decomposition are equivalent. For the sake of simplicity and in
view of the coupling between cracks growth and friction phenomena, we denote hereafter EI ¼ Ec ¼ Epl. In the
case of open cracks ðrc ¼ 0Þ, the contribution of cracks to the macroscopic deformation can be written as:bðn nÞ þ cs n ¼ ucAc : E ð35Þ
where uc and Ac are the volume fraction of cracks and the fourth-order strain concentration tensor,
respectively.
Noting that for open cracks, we have from (5): Chom ¼ Cs : ðI ucAcÞ. The combination of (34) and (31)
yields the relation between Epl and rc:Epl ¼ ucAc : ðChomÞ1 : R rcð Þ ¼ ucAc : ðI ucAcÞ1 : Ss : R rcð Þ ð36Þ
Therefore, we may formally express the local stress ﬁeld rc as a function of Epl:rc  R ¼ Cpl : Epl ð37Þ
withCpl ¼ ½ucAc : ðI ucAcÞ1 : Ss1 ð38Þ
The fourth rank tensor Cpl, which depends on the homogenization scheme, i.e. the strain concentration ten-
sor Ac and on the elastic properties of the solid matrix Cs, relates the local stress rc to the inelastic strain Epl.
The substitution of (37) into (30) gives the macroscopic free energy function W:W ¼ 1
2
ðE  EplÞ : Cs : ðE  EplÞ þ 1
2
Epl : Cpl : Epl ð39ÞIt is clear that the free energyW is the sum of two terms, one representing the elastic free energy of the solid
matrix; the other one, W pl ¼ 1
2
Epl : Cpl : Epl, interpreted as the stored energy contributed by microcracks. The
complete determination of the stored energy W pl is then equivalent to explicit the fourth rank tensor Cpl.
3.3. Determination of W pl and Cpl
In this section, the eﬀort is devoted to the determination of the stored energy W pl. We recall that uc is the
volume fraction of the considered microcracks family. The strain concentration tensor Ac is given in Section 1,
respectively, for three homogenization schemes (the dilute scheme, the Mori–Tanaka scheme (MT) and the
Ponte Castaneda and Willis estimate (PCW)). Using the results shown in Appendix 1, it is proved that the
fourth-order tensor Cpl in the stored energy Eq. (39) can be expressed in the following general form for three
homogenization schemes (proof by using the Walpole’s tensorial algebra is given in Appendix 2):Cpl ¼ p2E2 þ 2p4E4 ð40Þ
Withp2 ¼
Esð1 r2Þ
r2  2vsr5 ; p4 ¼
Esð1 r4Þ
2ð1þ vsÞr4 ð41ÞThe coeﬃcients, as well as the two tensors which appear in Eq. (40) are deﬁned in Appendix 2.
Finally, the macroscopic free energy reads:W ¼ 1
2
ðE  EplÞ : Cs : ðE  EplÞ þ 1
2
½p2b2 þ p4c:c ð42Þ
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s
1ðvsÞ2 and H 1 ¼ H 0ð1 vs=2Þ, parameters p2 and p4 are expressed as:p2 ¼
H 0
d
ð1 vndÞ; p4 ¼
H 1
d
ð1 vtdÞ ð43Þwith vn and vt for the three homogenization schemes:vn ¼ 16ð1v
sÞ2
3ð12vsÞ ; vt ¼ 16ð1v
sÞ
3ð2vsÞ for the dilute scheme
vn ¼ 0; vt ¼ 0 for the scheme MT
vn ¼ 12845 ; vt ¼ 16ð75v
sÞ
45ð2vsÞ for the scheme PCW
8><
>: ð44ÞFor further reference, (42) is also written in the general form:W ¼ 1
2
ðE  EplÞ : Cs : ðE  EplÞ þ 1
2d
½H 0ð1 vndÞb2 þ H 1ð1 vtdÞc  c ð45Þ3.4. Modelling of friction–damage coupling
As already mentioned, the modelling of coupling between friction and damage has been the subject of some
studies. Unfortunately, these are generally limited to dilute concentration of cracks. This section is devoted to
a general formulation of coupled friction–damage models by combing micromechanics results and standard
thermodynamics.3.4.1. State law
The ﬁrst state law gives the macroscopic stress R by the diﬀerentiation of the free energy (39):R ¼ Cs : ðE  EplÞ ð46Þ
According to the second law of thermodynamics, the Clausius–Duhem inequality reads in the absence of
damage evolution:R : _E  _W ¼  R Cpl : Epl  : _Epl P 0 ð47Þ
The conjugate thermodynamic force associated with the internal variable Epl is given by:F pl ¼  oW
oEpl
¼ R Cpl : Epl ð48ÞBy comparison with (37), one observes that it is the local stress rc that controls the frictional dissipation
process. For convenience, the thermodynamic forces F b and F c associated, respectively, with the variable b
and c can also be considered at the place of rc:F b ¼  oW
ob
¼  oW
oEpl
oEpl
ob
; F c ¼  oW
oc
¼  oW
oEpl
 oE
pl
oc
ð49ÞNote that F b and F c are, respectively, the normal and tangential components of F pl and read:F b ¼ F pl : ðn nÞ ¼ rc : ðn nÞ
F c ¼ F pl  n  ðd n nÞ ¼ rc  n  ðd n nÞ ð50ÞFurther, we can see that it is possible to formulate the opening–closure transition condition of microcracks
with unit normal n by the nullity of the normal part of the local stress rc i.e. rc : ðn nÞ ¼ 0, equivalent to
F b ¼ 0. At this transition, the strain contributed by microcracks is obtained by setting rc ¼ 0 in (31):Epl ¼ ucAc : E ð51Þ
Insertion of (51) into the free energy (39) gives:
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2
E : Chom : E; Chom ¼ Cs : ðI ucAcÞ ð52ÞComparison of the homogenized stiﬀness tensor Chom with that in (5) for one unique family of cracks con-
ﬁrms the continuity condition on energy required for the unilateral eﬀect.3.4.2. Friction criterion and evolution law
At this stage, we still consider a family of closed frictional microcracks obeying to the classical interface
Coulomb law. The local stresses on the cracks faces are assumed to be uniform, which implies that the satu-
ration of the frictional limit condition is identical at any location on the cracks. The Coulomb criterion
gðrcÞ ¼ 0 is then formulated at the microscopic scale with the help of the normal and tangential components
of the local stress rc:gðrcÞ ¼ jrc  n  ðd n nÞj þ lcrc : ðn nÞ ð53Þ
where lc is the friction coeﬃcient on the cracks lips. It must be emphasized that in this criterion, the eﬀect of
the conﬁning pressure can be a priori taken into account because of the presence of the term related to the
normal stress. Using the expression of the conjugate thermodynamic forces F b and F c in (50), (53) can be
rewritten as:gðrcÞ ¼ jF cj þ lcF b ð54Þ
Considering the free energy given in (42), the thermodynamic forces F b and F c related to the family of the
cracks with normal n can be expressed in a strain-based form:F b ¼ E : N  ðks þ 2ls þ p2Þb; F c ¼ 2lsE  n  ðd n nÞ  ðls þ p4Þc ð55Þor equivalently in a stress-based form:F b ¼ R : ðn nÞ  p2b; F c ¼ R  n  ðd n nÞ  p4c ð56ÞUsing (55) and (56), we can formulate the friction criterion in term of macroscopic strain or in term of mac-
roscopic stress, respectively (see Fig. 5).
In Figs. 6 and 7, the friction criterion in (53) or (54) is schematically represented for one family of micro-
cracks with unit normal e1, respectively, in the strain space ðE11;E13Þ and in the stress space ðR11;R13Þ. The
initial criterion, e.g. for c ¼ 0 and the criterion after some hardening ðc 6¼ 0Þ without and with evolution of
b related to volumetric dilatation are schematized. It can be observed that the form of the reversible elastic
domain is remained during its displacement in the considered spaces. In particular, a macroscopic kinemat-
ics-like hardening eﬀect is noted.3.4.3. Case of frictional non-dilatant cracks without damage evolution (FC)
In this section, we will focus on a simple case of frictional but non-dilatant microcracks. The aim is to pres-
ent the basic evolution law of cracks faces sliding. For this purpose, we ﬁrst limit ourselves to the case when no
damage evolution is allowed. The evolution of sliding vector c is in the direction t deﬁned by t ¼ F c=jF cj.
The sliding rate _c is then written according to the Coulomb criterion as follows:Fig. 5. Problem decomposition used for the Eshelby-based homogenization procedure.
Fig. 6. Frictional sliding limit conditions in strain space.
Fig. 7. Frictional sliding limit conditions in stress space.
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oF c
¼ _kct ð57Þwhere _kc is a multiplier to be determined by the consistency condition _g ¼ 0. The later reads in the strain-based
form:og
oE
: _E þ og
oc
 _c ¼ 0 ð58ÞNote thatog
oc
 _c ¼ ðls þ p4Þ _kc and
og
oE
¼ 2lsts nþ lcN ð59ÞBy combination of (60) and (61), the multiplier _kc is then rewritten as:_kc ¼ 1
H c
2lsts nþ lcN
 	
: _E ð60Þwith H c ¼ ls þ p4 and N ¼ Cs : ðn nÞ.
Based on the macroscopic stress–strain relation (46), we deduce from (62) the rate form of the constitutive
equations for the material weakened by closed penny-shaped microcracks in the frictional non-dilatant regime:
Fig. 8. Schematic representation of dilatant cracks sliding.
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with the tangent operator associated with crack sliding:Chomt ¼ Cs 
1
H c
ð2lsts nÞ  ð2lsts nþ lcNÞ ð62Þ3.4.4. Case of frictional dilatant cracks without damage (FDC)
The only diﬀerence to the case (FC) is that the dissipative crack sliding is accompanied by dilation through
the evolution of the variable b. From the physical point of view, the dilatation is related here to the asperity on
the crack faces and to the misﬁt of crack faces after unloading of applied stresses (see Fig. 8). This generally
leads to the occurrence of inelastic volumetric strains after a complete unloading.
For the modelling, the approach adopted here consists simply of an associated ﬂow rule based on the Cou-
lomb criterion, which reads:_c ¼ _kc og
oF c
¼ _kct; _b ¼ _kc og
oF b
¼ _kclc ¼ lc _c  t ð63ÞA combination of the rule in (65) and the deﬁnition in (22) leads to the evolution law of the variable Epl:_Epl ¼ _bðn nÞ þ _cs n ¼ _kcðts nþ lcn nÞ ð64Þ
On the other hand, from the potential (53) or (54), it is readily seen that the ﬂow rule for Epl can also be
determined by the standard thermodynamic procedure and gives:_Epl ¼ _kpl og
oF pl
¼ _kplðts nþ lcn nÞ ð65Þwhich conﬁrms the coherence of the approach by comparison between (65) and (67) leads to the equality
_kc ¼ _kpl, which implies an equivalence of the ﬂow rule (65) and that for the plastic strain in the classical plas-
ticity theory.
Further, the consistency condition in the strain-based form is written as:_g ¼ og
oE
: _E þ og
oc
 _cþ og
ob
_b ¼ 0 ð66ÞConsidering the fact thatog
ob
_b ¼ l2cðks þ 2ls þ p2Þ _kc ð67Þand using (59) give the expression of the multiplier _kc_kc ¼ 1
H cb
ð2lsts nþ lcNÞ : _E ð68Þwith H cb ¼ ðls þ p4Þ+lc2 ðks þ 2ls þ p2Þ
The rate form of the stress–strain relation _R ¼ Cthom : _E is provided by determination of the tangent oper-
ator Ct
hom as follows:Chomt ¼ Cs 
1
H cb
ð2lsts nþ lcNÞ  ð2lst
s
nþ lcNÞ ð69Þ
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corresponds to an associated ﬂow rule and has the advantage that the tangent operator (71) is symmetric.3.4.5. Coupling between progressive damage and friction
In the previous sections, the material behavior is related to the dissipative friction and to the associated
volumetric dilation via the variable b, in which no damage evolution is considered. In fact, for most geoma-
terials, there exists a strong coupling mechanism between the frictional sliding on crack faces and the propa-
gation of microcracks (damage evolution).
For the complete coherence of the micro–macro formulation, the damage criterion and the dissipative
potential needs to be deduced from the microscopic consideration. However, for brittle materials, this still
remains a challenging task. For the sake of simplicity, the methodology we adopt here consists in integrating
the results obtained in micromechanical analysis into the thermodynamic framework classically used for the
macroscopic formulation.
Concerning the damage evolution criterion, it is convenient to observe in (45) that the thermodynamic force
associated with damage can be expressed in the following general form for the diﬀerent homogenization
schemes:F d ¼  oW
od
¼ 1
2d
ðH 0b2 þ H 1c  cÞ ð70ÞIt is interesting to notice that this expression is formally independent on homogenization scheme. As in
Pense´e et al. (2002) who follows other authors, the following strain energy release rate based damage yield
function is suggested, in which assumption of a self-similar crack propagation mode is made:f ðF d ; dÞ ¼ F d RðdÞ ð71Þ
where the function RðdÞ denotes the resistance to the crack propagation. It is licit, similar to the R-curve in
fracture mechanics, to take it as a function of the damage. Such curve must be determined from appropriate
fracture mechanics tests. In order to simplify the model formulation, we suggest for R the following simple
linear form, already introduced in the context of macroscopic isotropic damage models by Marigo (1985):RðdÞ ¼ c0 þ c1d ð72Þ
with c0 and c1 two model parameters. The evolution of the damage variable d can be determined by using the
normality rule:_d ¼ _kd of ðF
d ; dÞ
oF d
¼ _kd ð73ÞThe damage multiplier _kd is calculated by the consistency condition _f ¼ 0:
_f ¼ of
od
_d þ of
ob
_bþ of
oc
_c ¼ 0 ð74ÞConsidering the ﬂow rule in (65) for the variables b and c, we obtain the expression for _kd :_kd ¼ lcH 0bþ H 1c  t
Hdd2
_kc ð75Þwith Hd ¼ 1
d3
ðH 0b2 þ H 1c  cÞ þ c1.
Furthermore, note that the determination of the damage evolution involves that of the multiplier _kc asso-
ciated with the consistency condition of the Coulomb friction criterion g which is, in reverse, function of the
damage variable d. Finally, it is necessary for the computation of _kd and _kc to combine the two consistency
conditions _f ¼ 0 and _g ¼ 0. This implies a strong interference between the two dissipative mechanisms (fric-
tion and damage) considered in this study. In the case of closed Frictional Dilatant Cracks with Damage evo-
lution (FDCD), we rewrite the consistency condition (68) by introducing the evolution of damage variable d:
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oE
: _E þ og
oc
 _cþ og
ob
_bþ og
od
_d ¼ 0 ð76ÞCombining (78) with the consistency condition _f ¼ 0 deﬁned in (76) leads to the following closed form
expression of the multiplier _kc:_kc ¼ 1
H cbd
ð2lsts nþ lcNÞ : _E ð77Þwith H cbd ¼ H cb  1
Hdd4
ðH 1c  tþ lcH 0bÞ2.
The corresponding tangent operator is obtained as:Chomt ¼ Cs 
1
H cbd
ð2lsts nþ lcNÞ  ð2lst
s
nþ lcNÞ ð78ÞFor the non-dilatant cracks (FCD), the results obtained above reduced to the following forms:_kc ¼ 1
H cd
ð2lsts nþ lcNÞ : _E ð79ÞandChomt ¼ Cs 
1
H cd
ð2lsts nÞ  ð2lsts nþ lcNÞ ð80Þwith H cd ¼ H c  1
Hdd4
ðH 1c  tÞ2.
4. Numerical predictions
In this section, the qualitative capabilities of the various micromechanical models are evaluated. The pro-
posed models contain a small number of parameters, which have a clear physical meaning. The emphasis here
is put on comparison of the diﬀerent homogenization schemes; the present investigation is limited to materials
with one family of microcracks.
4.1. Uniaxial tensile test
The material studied here is weakened by a family of microcracks with unit normal e3 along which the ten-
sile loading is applied. Thus, the microcracks are in the opening state. Only the damage evolution will occur
during the dissipation process. The analytical results of stress–strain relations and the relevant damage evo-
lutions corresponding to the three homogenization schemes are shown in Fig. 9a. These results are obtained
using the damage evolution law deﬁned in (73) with a ﬁxed threshold ðc1 ¼ 0Þ. One can observe signiﬁcant
diﬀerences of the responses predicted by the three models. The dilute scheme leads to a very brittle and instable
response; the model based on the PCW scheme to a strain softening behavior. As for the MT scheme, the
mechanical response is similar to that predicted by a perfectly plastic model but with the diﬀerence that the
material is still elastic. The damage evolutions predicted from the diﬀerent homogenization schemes are shown
in Fig. 9b.
4.2. Simple shear test
In order to illustrate the performance of the micromechanical models in various cases (closed frictional
microcracks, with and without dilatancy, with and without damage evolution), we are interested in investigat-
ing the macroscopic behavior of the material weakened by a family of microcracks with the unit normal e3.
The damage material is subjected to a simple shearing path deﬁned by E13 ¼ E23, which is monotonous or cyc-
lic. To maintain the cracks closed, we apply beforehand in the direction normal to the crack plane, i.e. e3, a
compressive stress R33 ¼ 10 MPa. The model’s parameters used in the simulations are such that
Es=33,330 MPa, vs ¼ 0:23, c0 = 2.5 · 103 J m2, c1 ¼ 0:08 J m2 and lc ¼ 0:4. The initial value of the dam-
age is chosen equal to d0 ¼ 0:1.
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Fig. 9. Uniaxial test for a material with ﬁxed resistance ðc1 ¼ 0Þ. Comparison of the predictions by the models based on the diﬀerent
homogenization schemes (a) analytical stress–strain curves; (b) analytical damage evolution.
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Fig. 10 shows the comparisons of the mechanical responses predicted by the models, respectively, based on
the dilute scheme (Fig. 10a), the Mori–Tanaka estimate (Fig. 10b) and the Ponte Castaneda and Willis bound
(Fig. 10c), for the cases FCD and FDCD. It is observed that the dilute scheme-based model and the PCW-
based model predict a strain softening behavior whereas the MT scheme leads to a strain hardening response.
As expected, volumetric dilations are obtained for the FDCD case. Further, by comparing the peak stress and
the residual strain for the dilute and PCW schemes, the stress–strain relation for the dilute model is more brit-
tle than the latter one. Fig. 10d presents the relation between the normal component of the local stress r33
c and
the shear strain for the models in the case FDCD. We can note the correlation between the evolution of r33
c
and the stress–strain relation.
From these results, we can observe that the mechanical responses predicted by all the three homogenization
schemes can be divided into the following distinct phases:
• In the ﬁrst phase oa, the material behavior remains elastic. Because of the blockage of friction, neither slid-
ing on the crack surfaces nor damage evolution occurs. The slope of the stress–strain curve corresponds to
the shear modulus of the solid matrix.
• The phase ab corresponds to the dissipative friction without dilatation (version FC) whereas ab0 represents
the frictional behavior with dilatancy (FDC). In this phase, the progressive accumulation of the interfacial
sliding leads to the increase of the thermodynamic force F d associated with the damage variable d while the
damage criterion f remains inside the elastic domain.
Fig. 10. Comparisons of material responses on monotonous loading path predicted by the models based, respectively, on (a) the dilute
scheme, (b) the Mori–Tanaka scheme, (c) the Ponte Castaneda and Willis scheme, (d) variation of the normal stress related to the dilatancy
mechanism as a function of the crack sliding.
1400 Q.Z. Zhu et al. / International Journal of Solids and Structures 45 (2008) 1385–1405• In the third phase b0c0 and bc, the damage evolution law is activated. The material is then weakened by
cracks with propagating frictional sliding, without dilatancy for the version FCD and with dilatancy for
the version FDCD, respectively.Fig. 11. Comparisons of the responses on cyclic loading path predicted by the models (FCD).
Fig. 12. Comparisons of the responses on cyclic loading path predicted by the models (FDCD).
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ing to damage evolution. The comparison between the cases FCD and FDCD shows that the volumetric dila-
tion enhances strain softening behavior in the post-peak regime.4.2.2. Cyclic loading path
The responses predicted by the three homogenization schemes for the cyclic loading path are illustrated in
Figs. 11 and 12. From a qualitative point of view, three phases of response can be noted as in monotonous
loading. Irreversible strains and hysteretic loops during loading–unloading paths are observed as consequence
of the frictional mechanism. Further, the hysteretic loops are closed at the end of reloading path for the FCD
models, similar to that obtained by Lawn and Marshall (1998) in the absence of damage evolution. In con-
trast, open loops are found for the FDCD models; this is in agreement with the evolution of the variable b
associated to the volumetric dilation.5. Conclusions
A rigorous homogenization-based modelling is proposed for anisotropic damage in quasi brittle materials.
Compared with existing models, important speciﬁc features have been taken into account, such as cracks inter-
action, spatial distribution of cracks, coupling between damage and frictional sliding in closed cracks and vol-
umetric dilatancy. Comparisons between three main homogenization schemes have been presented. For
materials with frictional cracks, it is seen that the macroscopic behavior can be signiﬁcantly aﬀected by the
spatial distribution of microcracks (only PCW-based model allows to account of this feature). The numerical
predictions are qualitatively in agreement with basic trends observed in mechanical behavior of various brittle
geomaterials such as concrete and rocks. The emphasis of the present work is put on the comparison of dif-
ferent homogenization schemes by considering one family of microcracks experiencing damage, friction and/
or dilatancy. However, the extension of the proposed approach to any arbitrary distribution of cracks orien-
tation is straightforward by using appropriate numerical integration schemes (see Zhu, 2006). The quantitative
validation of the proposed models against experimental data is still to be performed. The proposed models
1402 Q.Z. Zhu et al. / International Journal of Solids and Structures 45 (2008) 1385–1405have been implemented in computer code using ﬁnite element method, and application to engineering prob-
lems analysis can be envisaged.Acknowledgement
This work has partially been supported by the National Natural Science Foundation of China through the
Grant No. 50539110.Appendix 1. The Walpole’s tensorial algebra and illustrations1.1. Description of the algebra
Materials composed of an isotropic solid matrix and a family of parallel cracks exhibit transversely isotro-
pic symmetry. For this reason, it is interesting for standard notations and the associated tensorial representa-
tions to introduce the Walpole’s base which is constituted of a set of direction-related fourth-order tensors
(Walpole, 1981; Kunin, 1981). This algebra is particularly useful to carry out easily inner product of trans-
versely isotropic tensors or tensor inversion. Denoting by a ¼ n n and b ¼ d n n, the second-order iden-
tity tensor d readsd ¼ aþ b ðA:1Þ
The following properties related to a; b are also fulﬁlled:a  a ¼ a; b  b ¼ b; a  b ¼ b  a ¼ 0 ðA:2Þ
Let us introduce the following tensors:E1 ¼ 1
2
b b; E2 ¼ a a; E3 ¼ bb 1
2
b b; E4 ¼ abþ ba ðA:3Þwhich veriﬁes that for 8p; q ¼ 1; . . . ; 4:
Ep  Eq ¼ Ep if p ¼ q; Ep  Eq ¼ 0 if p 6¼ q; ðA:4ÞTwo other elementary tensors are also considered to complete this base:E5 ¼ a b; E6 ¼ b a ðA:5Þ
From these identities, it is shown that any transversely isotropic (not necessary symmetric) fourth-order
tensor U can be expressed as a linear combination of these six elementary tensors Ei; i ¼ 1; . . . ; 6:
U ¼ cE1 þ dE2 þ eE3 þ fE4 þ gE5 þ hE6 ðA:6Þwhich may be noted in the following symbolic form:U ¼ c d e f g hð Þ ðA:7Þ
With this notation, the inverse of U is given as:U1 ¼ dl cl 1e 1f  gl  hl
 	
ðA:8Þwith l ¼ cd  2gh.
In the case that U possesses the diagonal symmetry, g ¼ h.1.2. Representation of some fourth-order tensors in the considered base
In the base constituted by Ei; i ¼ 1; . . . ; 6, the following standard fourth-order isotropic tensors are rep-
resented by:
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J ¼ 1
3
d d ¼ 23 13 0 0 13 13
  ðA:10Þ
K ¼ I J ¼ 13 23 1 1  13  13
  ðA:11Þ
Thus, the isotropic elasticity tensor Csð¼ 3ksJþ 2lsKÞ and the compliance tensor Ss ¼ 1
3ks Jþ 12lsK
 	
for
the sane material as well the isotropic fourth-order tensor Sdð¼ a1Jþ a2KÞ characterizing the spherical spatial
distribution of cracks may be determined by using (A.10) and (A.11).
A family of cracks characterized by its unit normal leads to a transversal isotropy in the material behavior.
It is shown that there exist the following relations for the Eshelby tensor S:S ¼ S1111 þ S1122 S3333 S1111  S1122 2S1313 S3311 S1133ð Þ ðA:12Þ
The fourth rank tensor T deﬁned in (12) associated with the considered family of cracks in its open state is
expressed as:T ¼ lim
!0
ðI SÞ1 ¼ 4ð1 v
sÞ
p
0 1v
s
12vs 0
1
2vs
vs
12vs 0
  ðA:13Þ1.3. Determination of Shom
Application of the Walpole’s base to media weakened by a family of open microcracks allows to easily
express the homogenized compliance tensor Shom for three homogenization schemes (the dilute scheme, the
Mori–Tanaka scheme and the Ponte Castaneda and Willis scheme). In fact, Shom can be determined by the
inverse the eﬀective elasticity tensor Chom:Shom ¼ ðChomÞ1 ¼ ½Cs : ðI ucAcÞ1 ðA:14Þwhere uc and Ac are the volume fraction and the strain concentration tensor, respectively. The following uni-
ﬁed expression can be obtained for three homogenization schemes considered herein:Ac ¼ ðI S þ ucSdÞ1 ðA:15Þ
andlim
!0
ucAc ¼ 0 r2 0 r4 r5 0ð Þ ðA:16Þwith
• For the dilute scheme:r2 ¼ 16dð1 v
sÞ2
3ð1 2vsÞ ; r4 ¼
16dð1 vsÞ
3ð2 vsÞ ; r5 ¼
16dvsð1 vsÞ
3ð1 2vsÞ ðA:17Þ• For the Mori–Tanaka scheme:r2 ¼ 1
1þ 3ð12vsÞ
16dð1vsÞ2
; r4 ¼ 1
1þ 3ð2vsÞ
16dð1vsÞ
; r5 ¼ v
s
1 vs
1
1þ 3ð12vsÞ
16dð1vsÞ2
ðA:18Þ• For the Ponte Castaneda and Willis scheme:r2 ¼ 240dð1vsÞ
2
45ð12vsÞþ16d½714vsþ15ðvsÞ2 ;
r4 ¼ 240dð1vsÞ45ð2vsÞþ32dð45vsÞ ; r5 ¼ 240dv
sð1vsÞ
45ð12vsÞþ16d½714vsþ15ðvsÞ2
ðA:19Þ
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Es
1 vs 12vsr5
1r2 1þ vs 1þv
s
1r4 vs vs
 	
ðA:20ÞThe evolutions of the Young’s modulus E and the shear modulus can be easily determined through the
coeﬃcients associated with the components E2 and E4 in (A.20), which read:E
Es
¼ 1 r2
1 2vsr5 ;
l
ls
¼ 1 r4 ðA:21ÞAppendix 2. Proof of the relation (40)
Denoting Spl ¼ ucAc : ðChomÞ1 ¼ ucAc : Shom, the relation (36) is then rewritten as:
Epl ¼ Spl : R rcð Þ ðA:22ÞFurther, using the results in Appendix 1.3, Spl can be expressed as follows:Spl ¼ 1
Es
r2  2vsr5
1 r2 E
2 þ 1þ v
s
Es
r4
1 r4 E
4 ðA:23ÞAccording to the tensor algebra involving Ei in the Walpole’s base, multiplying the two sides of (A.22) by
the fourth-order tensor E
sð1r2Þ
r22vsr5 E
2 þ Es
1þvs
1r4
r4
E4 gives:Esð1 r2Þ
r2  2vsr5 E
2 þ E
s
1þ vs
1 r4
r4
E4

 
: Epl ¼ ðE2 þ E4Þ : R rcð Þ ðA:24ÞFurthermore, noticing thatE1 : Epl ¼ E3 : Epl ¼ 0; with Epl ¼ bðn nÞ þ cs n; ðA:25Þ
The stored energy W pl can be rewritten as follows:W pl ¼  1
2
rc  Rð Þ : Epl ¼  1
2
Epl : ðE2 þ E4Þ : rc  Rð Þ ðA:26ÞThus, insertion of (A.24) into (A.26) gives the expression (39), with the relation Cpl ¼ p2E2 þ 2p4E4, in
which p2 and p4 depend on the choice of homogenization scheme and are determined by:p2 ¼
Esð1 r2Þ
r2  2vsr5 ; p4 ¼
Esð1 r4Þ
2ð1þ vsÞr4 ðA:27ÞReferences
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